In this paper we shall consider the two cases K> 1 and KC 1, and present certain sharp inequalities.
INTRODUCTION AND STATEMENT OF RESULTS
Let P(z) be a polynomial of degree n. It was shown by Turin [9] that if P(z) has all its zeros in (zl < 1, then n f;'z; IP(z)I ,< 2 f;'z: IP'(z)l.
(1) z i
Recently Malik [6] obtained a generalization of (1) in the sense that the left-hand side of (1) is replaced by a factor involving the integral mean of IP( on IzJ = 1. In fact, he proved that if P(z) has all its zeros in IzI < 1, then for each q > 0, l/Y l/q n 0 *= IP(d de I ir < 2n 11 +P(q de 1 IW)l. (4) 0 0 p: = If we let q tend to infinity in (4), we get (1).
In this paper we shall obtain certain generalizations of the inequalities (2) and (3) which are similar to (4) and thereby present some extensions of (4) also. We prove THEOREM 1. If P(z) is a polynomial of degree n having all ifs zeros in JzI < K where K 3 1, then for each q 2 1
The result is best possible and equality in (5) holds for the polynomial P(z) = az" + j?K" where ltll = IpI. Remark 1. Letting q -+ 00 in (5), we get (2).
Next we consider the case K < 1 and prove the following THEOREM 2. If P(z) is a polynomial of degree n having all its zeros in Iz( < K where KG 1, then for each q > 0,
The result is best possible and equality in (6) holds for the polynomial P(z) = (az + PK)" where (~11 = l/?I.
Since IP'(e")l < Maxlr, = 1 IP'(z)l for 0 < 8 < 271, the following corollary is an immediate consequence of Theorem 2. 
Remark 2. Letting q + co in (7), we obtain (3). For K = 1, Corollary 1 reduces to (4).
Finally we present the following interesting generalization of (1) which is also an extension of (4). The result is best possible and equality in (8) holds for the polynomial P(z) = z"+aK" where Kd 1 and JaJ = 1.
Letting q -+ co in (8) and choosing an argument of a suitably, we get the following result.
COROLLARY 2. Zf P(z) is a polynomial of degree n having all its zeros in 1~1 6 1, then
The result is best possible and equality in (9) holds for the polynomial P(z) = z"+K" where K<l.
PROOFS OF THE THEOREMS
Proof of Theorem 1. Since all the zeros of P(z) lie in lz) <K, K> 1, it follows that the polynomial G(z) = P(Kz) has all its zeros in (z( < 1. Hence the polynomial H(z) = z"G( l/Z) h as all its zeros in JzJ 3 1. Thus, if Zl 9 z2, .-., z, are the zeros of H(z), then lzjl > 1, j= 1,2, . . . . n and so that for points eie, 0 < 19 <2x, which are not the zeros of H(z). This gives leisH'(eie)/nH(eie)l < ) 1 -(eieH'(eie))/nH(eie)I for points eie, 0 < 8 < 2a, other than the zeros of H(z). Equivalently IH'(e")I < InH(e") -eieH'(eie)(
for points eie, 0~ 8 < 27r, which are not the zeros of H(z). Since the inequality (10) is trivially true for points eie, 0 6 0 < 2n, which are the zeros of H(z), therefore, it follows that
Since G(z) has all its zeros in (~1 < 1, by the Gauss-Lucas theorem, all the zeros of G'(z) also lie in (zl < 1. This implies that the polynomial
does not vanish in (zl < 1. Therefore, it follows from (11) that the function
is analytic for IzI < 1 and Iw(z)l < 1 for (zJ = 1. From (12) and (13) we deduce that for q > 0, Proof of Theorem 2. Since the polynomial P(z) has all its zeros in JzI 6 K< 1, it follows that the polynomial G(z) = P(Kz) has all its zeros in JzI < 1. Therefore, if zi, z2, . . . . z, are the zeros of G(z), then lzjl 6 1, j = 1, 2, . . . . n, and so that for points ei8, 0 < 8 < 271, other than the zeros of G(z) we have Since by the Gauss-Lucas theorem the polynomial G'(z) has all its zeros in Izl < 1, by the maximum modulus principle it follows that the inequality (21) holds for lz( > 1 also. Replacing G(z) by P(Kz) and G'(z) by KP'(Kz) in (21), we obtain 
